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ABSTRACT

— s SR © St Y~

An analysis of fin-line characteristics is presented.
The dispersion characteristic and characteristic impedance
of the structure are determined by the application of the
spectral domain technique. Numerical results are presented
and compared with known data for ridged waveguide, dielectric
slab loaded waveguide and slotline. Excellent agreement has
been obtained. Design curves are also presented for practi-

cal millimeter wave fin-line structures covering the 26.5 -

140 GHz frequency range.
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I. INTRODUCTION

bo.d

A. BACKGROUND "

A variety of waveguiding structures have been proposed |
for use at microwave and millimeter wave frequencies [Ref. 1]. i
In recent years, one of these structures, fin-line, has gained
in importance as a transmission medium in millimeter wave
circuit construction [Refs. 2-7]. Fin-line has been found
superior to microstrip at millimeter wavelengths as the
former - provides eased production tolerances, better compati-
bility with hybrid devices, greater freedom from radiation
and higher mode propagation, combined with the ability to
construct simple transitions to conventional rectangular
waveguide.

Figure 1 shows a 3-dimensional view of fin-line. This
structure is interesting in that it may be viewed in various
ways depending upon the value of W/b, the ratio of slot width
to waveguide height. For small values of W/b, the structure
may be appropriately viewed as a slotline with a rectangular
shield. For large values of W/b, the structure is more easily
seen as a ridged waveguide loaded with dielectric. When
W/b = 1, a dielectric slab loaded waveguide exists and finally
for W/b = 1 and €. = 1, the structure takes on the configura-
tion of empty rectangular waveguide.

The most commonly used transmission line to date in

microwave integrated circuits is the microstrip line. This

11




Figure 1. 3-Dimensional View of Fin-line Structure
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structure when used at high frequencies (millimeter wave
range) results in problems which include radiation loss,
spurious coupling, dispersion and higher mode propagation.

In fin~-line structures, metal fins are printed on a
dielectric substrate which bridges the broad walls of a
rectangular waveguide. 1In effect, the line is a printed
ridged waveguide and can be designed to have a wider useful
bandwidth than conventional line and can provide bandwidths
in excess of an octave with less attenuation than microstrip.
This adaption of ridged waveguide permits circuit elements
to be fabricated by photo-etching at low cost and is compati-
ble with thin-film hybrid techniques.

In passive circuits, such as filters, the fins as illus-
trated in Figure 1 may be directly grounded to the metal walls
of the wavequide, and lumped elements, such as beam-lead
capacitors, may be added. The gap between the fins can be
varied along the longitudinal axis to provide low-cost circuit
elements. When fin-lines are constructed as illustrated by
Figure 2, the waveguide is parted along a plane where the
current flow is parallel to the break, as in a common slotted
line and the dielectric material extends through the separation
in the broad wall of the shield. The upper fin is insulated
from the housing at dc by a dielectric gasket. By making the
thickness of the broad walls a quarter wavelength, a short
circuit will appear between the fin and the inner wall of the
shield at RF. Thus a practical fin-line will have the same

electrical characteristic as the idealized structure of

13 s




|

FINSULATING GASKET

PRINTED
FIN

S

¥y o -
N\ N AN \ \
\\ N » D ¢} meraL \
L\ O\ \ \ GASKET
-——-{-—4— ——————————————— \.-————‘
\\\\ \ A\
N . \ ‘ \
" a o
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Figure 1. The lower fin is grounded directly by a metal
3 - gasket to provide a dc return when solid state devices are

mounted on the fins.

B. RELATED WORK

.. Fin-line wa2s first proposed in 1972 by Meier [Refs. 2

and 3] and has since received considerable attention by a
number of other investigators. Meier's work was primarily
experimental in nature and the wavelength and impedance
calculations were approximated. Previous analytical work on
fin-line has been based on various methods [Refs. 8-11].

In this study, dispersion of different fin-line geometries
was obtained by applying Galerkin's method to the electric
fields in the slot interface [Ref. 8}. Another approach used
4 the Transmission Line Matrix (TLM) technique yielding the
dispersion characteristic of the fundamental and higher order

modes of propagation [Ref. 9].

C. STATEMENT OF OBJECTIVES

The Spectral Domain technique is used here in the analy-
sis of the fin-line structure shown in Figure 1. This tech-
nicue was first suggested by Itoh and Mittra [Ref. 12] and
has since been applied to the analysis of other structures
[Refs. 13-15].

One of the advantages of this approach is that it is
numerically more efficient than the conventional methods that

work directly in the space domain. This is due primarily to

the fact that the process of Fourier transformation of the




coupled integral equations in the space domain yields a pair
of algebraic equations in the transform domain that are
relatively easier to handle. Another important advantage is
that the Green's function takes a much simpler form in the
transform domain, as compared to the space domain where no
convenient form of the Green's function is known to exist.

The Spectral Domain Transform method is first applied
here in the formulation of the dispersion characteristic of
the fin-line structure of Figure 1. During the application,

a new matrix approach to the implementation of this method

is presented. The characteristic impedance is next formu-
lated using this technique in terms of the dispersion char-
acteristic. Following the theroetical analysis, an explana-
tion of the computer program used in determination of the
wavelength and characteristic impedance is presented. Numeri-
cal results are then compared with known data for ridged
waveguide, slab loaded waveguide and slotline. These com- -
parisons establish the accuracy of the numerical results and
illustrate the applicability of this method for the full
range of structure parameters. Finally, several families

of design curves are presented for a practical choice of

fin-line parameters.




II. THEORETICAL ANALYSIS OF FIN-LINE

A. FIELD AND BOUNDARY CONDITIONS

Fin-line supports a hybrid field and it is known that all
hybrid field components can be obtained from the superposition
of TE and TM modes which are related to the two scalar poten-
tial functions ¢e(x,y) and ¢h(x,y), where the superscripts e
and h denote electric and magnetic, respectively [Ref. 16].

The axial components of TM and TE are then

_ 2 e rz
E, = ko ¢ (xyy) e (1)
_ 2 h rz
B, = k2 40y e (2)
where k2. = k2 + 12 and k, = o° i=1, 2, 3 for each
Ci i i w uiei' ’ 14

of the three regions defined in Figure (1l).
Through Maxwell's curl equations the transverse field
components are then determined by these axial components and

can be given as

(1]
e g

= d¢ _ 3¢ Tz
Ex (r 3% J wu 5§—) e {3)
e h
= 31_ ! _?_9__ rz
Ey (I‘ay +Jmuax)e (4)
h e
3¢ 3¢ rz
Hx = (T % + J w e 3§_) e (5)




SN . v e - o

h e
_ 30 _ . 3¢ rz
Hy = (T 3y _J w e ) (6)

—

Since the lossless case is assumed, the propagation constant

is ' = +j8 and kgi = ki - 62. We will also assume that
€ = €y = €, and €, = €ofr”

Applying boundary conditions at the walls in region 1,
tangential field components must be zero, so it follows that

at v = hl + D

dH
= zl =
Exl(x,hl+D,z) = 0 —3§—(x,h1+D,z) = 0, (8)

At the interface between region 1 and 2, tangential field

components must be continuous.

At y =D
Ezl(x'D'z) = Ezz(erlz) (9)
Exl(cIDlz) = Exz(xIDlz) ° (10)

Also the electric fields at y = D will exist only in the

slot and can be expressed as,




0 Ix{ > w/2

Ezl(x,D,z) = (11)
ez(x)erz Ix] < W/2
» 0 x| > w/2
Exl(x,D,z) = (12)
e, (x) el? x| < w/2 .

Similarly, tangential magnetic fields must be discontinuous

by corresponding surface current densities.

j(x) e’ x| > W/2
0 x| < W/2
i, eTF x| > w2
0 x| < w/2

The tangential field components at the interface between

region 2 and 3 must also be continuous. At y = 0

Ezz(x,O,z) Ez3(x,0,z) (15)

Exz(x,O.Z)

Ex3(x,0,z) (16)




sz(xlolz) Hz3(xlolz) (17)

sz(x,o,z) Hx3(x,0.z) . (18)

Once again at the shield wall in region 3, the tangential

field components must be zero, therefore at y = -h

2
aHzB
E,3x-hyz) = 0 —Ex,-ny2) = 0 (19)
BHX3
Ex3(xl_hzlz) = 0 3y (xr°hzrz) = 0 (20)

The final boundary conditions occur at x = *b/2 where the
tangential components must be zero in all regions. At

X = +b/2

]
o

Ezi(tb/z,y,z) (21)

E

]
o
L]

(tb/2,y,2) (22)

xi
B. SPECTRAL DOMAIN APPROACH TO DISPERSION CHARACTERISTIC

The approach used in the analysis of the dispersion
characteristic is basically a modification of Galerkin's
approach adapted for application in the Fourier transform
or spectral domain.

The scalar potential functions ¢e and ¢h satisfy the

Helmholtz equations in the three spatial regions, thus




[

vV, ¢, +k . 6. = 0 (23)

where Vi denotes the two-dimensional Laplacian operator in the
transverse direction. These equations are second-order differ-
ential equations for the unknown potential functions which

may be Fourier transformed with respect to x to obtain ordinary
differential equations via the transformation defined as

ja_x

n

®(a ,y) = [ ¢(x,y) e dx . (24)

-0

F{¢(XIY)}

The Helmholtz equations of (23) are transformed into

2
) @i(an,y)

—_— = (af - k%) 0. (a_.,y) (25)
ayz n n

for the electric field, ¢e, and the magnetic field, @h.

The solutions to these ordinary differential equations
for the three regions after applying the boundary conditions
at y = h1 + Dand y = -h2 {(equations (7), (8), (19) and (20))

can be written as

oi(an,y) = Ae(an) sinh v, (D+h,-y) (26a)
02(a_,y) = B%(a) sinh y.y+C%(a_) cosh v.y (26b)
2'°n’ n Y2 n Y2
21 '




e _ e .
¢3(an,y) = D (an) sinh Y3(h2+y) (26¢)

h
®?(an,y) = a(a) cosh v, (D+h-y) (26d)
¢g(an,y) = B"(a_) sinh v,y + cM(a ) cosh v,y  (26e)
o®a_,y) = D™Ma ) cosh v, (h.+y) (26f)

3tenrY n Y318,y
where
2 _ 2 .2 _ 2.2 .2
Y{ = °, kci = a_  + 8 ki (27)
and
n2n/b ¢h even (28a)
a =
n
(2n-1)7/b ¢! odd (28b)

It is important to observe at this point that yf may be
less than zero in any of the three regions of the structure
under certain conditions. Therefore three sets of solutions
can exist for equations (26a) to (26f). When a, = 0 and ki
approaches ko (where ko is the wave number for free space)

B is less than ki and so yi < 0. Under this condition the

hyperbolic functions in all three regions are replaced by

trigonometric functions. 1If ko < B < kz, then yi and yg




are greater than zero and y% < 0 for some values cf 1o and

the trigonometric functions replace the hyperbolic functions

in the spatial region 2 only. This suggests that the nature
of the field is dependent upon the values of the transform
variable, a . The last solution occurs when yi > 0 for which \
the solutions are given above. For conditions when yi < 0,
y; replaces ] such that (y;)2 = -yi and cosh YiY is replaced
by cos y;y and sinh yiy is replaced by j sin y;y.

The next step in obtaining a solution to the differential
equations is the application of the continuity or boundary
conditions at the interfaces between the three spatial regions,
namely at y = 0 and y = D. These conditions are given in
eguations (9) through (18). Through their application, the

h

eight coefficients ac through D" may be related to each

other, to the fin surface current T(x) and the slot field

e(x). The resulting set of linear equations (really a set of
transformed boundary egquations) may be written in a matrix form

as follows:

A 0
B¢ 0
(M : = : (29a
f:_l : ’ )
‘ Ex
h
LD | Ez

23 | .




A 0
B® 0
[MJ] : = : (29b)
J
X
p" J
z

where Ei(an) is the transform of the slot field and Ji(an)
is the transform of the surface current. The matrices [ME]
and [MJ] are square 8 x 8 matrices and differ only in the
last two rows. Details of the application of the continuity
conditions and the formation of the [ME] and [MJ] matrices
are shown in Appendix A, with a listing of the matrix elements
under the conditions Yi > 0 and yi < 0 and normalized with
respect to D.

To solve the matrix equations (29), the unknown coeffi-

cients A€ through Dh are determined by

a® 0
BE 0
) -1 4.
: = (M : (30)
L ] Ex
h
D
J E.




equation (30) into (29b) results in the single matrix

T PEIeETE wee cwbma e

equation
0 0
0 0 |
MMt | = |. (31)
3 E . . .
Ex Ix {
Ez | T2 f

Using the four lower right hand corner elements of the

matrix [MJ][ME]-I, (31) is converted to

Gl(an,e) Gz(an,s) Ex(an) Jx(ln) q
G3(un,8) G4(an,8) Ez(un) Jz(an)
(32)

where the elements of the matrix [G] are the Fourier transforms

of the components of the dyadic Green's function for this

structure. ;
A solution to equation (32) is obtained by using the

Method of Moments [Ref. 17]. The inner product is defined as

<flo), gla)>= ] £a) g*a) . (33)

g
N

%
™
%




Galerkin's method is used here and thus the Fourier trans-
forms for the electric field components, Ex and Ez will be

used for the weighting functions, W(an). Taking the inner

product of equations (32) with wl(an) Ex(an) and

wz(an) = Ez(an) yields

]
o

<G1Ex,Ex> +<c;2£z,5x>
(34)
<G3EX,EZ> +<G4Ex,Ez >

(]
o
L]

Following from Parseval's theorem, the right-hand side of
these equations are zero because of the orthogonality of
the electric field and surface current at y = D.

Up to this point, the formulation of the problem is exact
since no approximations have been made. The electric field
components and their transforms although unknown can be
expanded in a set of basis functions. An investigation of
various one-term approximations made by knorr and Kuchler
[Ref. 18] suggests good accuracy can be achieved if the
electric field distribution between the fins is approximated

by

1 x| < w/2

ex(X)
0 elsewhere

(35)

"
(=]

ez(X)

- W

Py

-——




for the dominant mode. This choice (shown in Figure 3 for

A = 1) has been shown to give accurate results for slotlines
with W/D < 2 [Ref. 18] and it is exact for dielectric slab-
loaded waveguide (W/b = 1). Assuming that ez(x) = 0 reduces

equation (34) to

@

2
<G ELE > = ] Gla,8IE)® = 0 (36

n=-o

where Ex(an) is the transform of the electric field distri-

bution
IW/Z janx sin(a_W/2)
E (a ) = e _(x) e dx = AW —————ﬁ————
X' 'n -W/2 X @ wW/2 .
' (37)

So, one can see that (36) is dependent on the ratio of A/\'
or effective dielectric constant, €. , defined by
eff

¢ = onn? = e
The dispersion characteristic of the dominant fin-line

mode can now be found by varying g, the propagation constant,

such that equation (36) is satisfied for a given set of

physical parameters at a desired frequency of operation.
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Figure 3. Assumed Electric Field Component in Slot
in x-direction Versus x for Fin-line
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C. CHARACTERISTIC IMPEDANCE IN TERMS OF DISPERSION
CHARACTERISTICS

The definition of the characteristic impedance for an
ideal TEM transmission line is uniquely given by static
quantities., Since fin-line is not a TEM transmission line
nor does it support a pure TE or TM waveguide mode but rather
supports hybrid modes, no unique definition of the character-
istic impedance can be found.

One possible choice is to define it as

%
z = (38)
o 2 Pavg
where Vo is the slot voltage defined as
v, = - fE « az .
slot
Assuming the electric field shown in Figure 3 and (35),
w/2
v, = J Adx = 1
-W/2
where A was arbitrarily selected as 1/W so that AW = 1.
P is the time-averaged power flow in the fin~-line struc-

avg
ture which is given by




Re [ [ Ex ﬁ*-gz da
s

o
]
)=

avg

i
N~

Re [ | (E H

* . EH* dx dy . 39
< y y X ¥ (39)

Substituting equations (3), (4), (5) and (6) into (39)

results in

D+h

b/2 1 e h h e
= .]; L 3¢ _3,00 . 23
Pavg -2 Re f [ [(Jsax J“’“ay )| ]B——ay +]w€—ax )
-b/2 -h,
e h h- e
_ (2,00 . 3¢ _2ga00  _ . 3¢
(383§—+-qu3§—)( Iy Juesy ) 1dxdy. (40)

This formulétion applies to the time-averaged power flow
in the spatial domain. Through the use of Parseval's theorem,
it is possible to transform this expression into the spectral
domain where the scalar potential functions are known. The
integration with respect to x is transformed via Parseval's
relation into an infinite summation. Applying this theorem

where ¢e(x,y) and ¢h(x,y) are real yields

D+h1

b/2
f ¢e(x,y)¢h(x,y)dxdy

/
-b/2 -n,

1
= 5L 1 e me™ ey ay .
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Therefore, equation (40) is transformed. into

. D+h, e
1 2 2 2,,h,2 387 ,2
avy = E’ERe z. f {-BweanMe] -BmuanH | -Swela—i—|
n=-x= -h,
) -
? h h e
3d 2 . 2 e 3(¢ ) * 3¢ h
- Bwu|-ay—' - jBTa ¢ 3y + 5y (¢7) *)
h
., 2 h 3(eS)* a0, e,
+ jk an[o 3y + 3y (¢67)*1} dy. (41)
This expression must be evaluated in each of the three
regions of the fin-line shown in Figure 1. Therefore the
power flow may be expressed by
Pavg = Pl + P, + P3
where Pl’ P2 and P3 are defined as
= 3 e . h
P, = 35 Re Z / {£(e7,07)} ay (42a)
n=-= p
P. = == Re °f ID{f(qse %) 14 (42b)
2~ ®E L 2' %2 7Y
| P - i Re E fo{f(¢e d>h)}d (42c)
3 26 °° L . by 3+%3/ 9y - ¢




The simple functional dependence on the variable y allows
one to perform the integration in equations (42a)-(42c)
analytically (see Appendix B). This leaves Pavg as the

summation of the power flow in each region.

_ 1 %
Pavg = 35 E (Py + P, + Py) . (43)

Now that Pa can be determined by the application of the

vg
dispersion characteristic or propagation constant determined
earlier and that the slot voltage Vo is known, the character-
istic impedance can be computed. The details of these lengthy

but straightforward algebraic manipulations are shown in

Appendix B.
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III. COMPUTER PROGRAMMING

In Section II the theoretical background of the analysis
was provided. This section concerns itself with the computer
programming technique used for fin-line analysis. The program
was designed for the determination of the wavelength and the
characteristic impedance oi a particular fin-line structure
over a range of frequencies but due to the nature of the
structure various other configurations may be considered by
the proper selection of input parameters. Dielectric slab
loaded and ridged waveguide along with rectangular waveguide
may also be analyzed. Before the program is described some
general considerations which lead to its development are

necessary for understanding of the numerical methods used.

A. REMARKS ON NUMERICAL ANALYSIS

The computation of the characteristic impedance is based
upon the solution to the dispersion characteristic problem
for the transmission line under consideration. In other
words, the wavelength ratio, A'/), or the wave propagation
constant, B8, must be known before any other investigations can
be started since only in this case are the scalar potential
functions in the transform domain known. Hence, in the analy-
sis of the various structures, the starting point is a solu-

tion for 8, the propagation constant of equation (36).
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In general a g8 is sought such that

I G a 8 E@)|? = o (44)
n=-o
1

where Gl(an,e) is a component of the transformed dyadic
Green's function and E(an) is the approximation to the
Fourier transform of the electric field in the slot in the
plane y = D. A first order approximation is assumed here
which eliminated the other terms of equation (34).

It is obvious that an analytic solution for 8 cannot be
obtained due to the algebraic complexity leading to the gquan-
tity Gl(an,B) as shown in Appendix A. Thus a numerical
solution is mandatory and must be obtained by computer
programming.

It is shown in Section II that the transforms of the dyadic
Green's function components were obtained by mathematical
manipulation of matrices. The matrix elements are either
real or imaginary so that in general a complex computation on
the computer is necessary. PFurthermore, it is shown that the
elements change from hyperbolic to trigonometric functions.
For examaple sinh YZD becomes jsin Y;D. It was found that
these quantities are not only pure real or pure imaginary
but change from real to imaginary or vice versa for the
cases y: > 0 and yi < 0.

Previously, equation (32) was obtained by lengthy alge-

braic manipulation of the boundary equations. In the approach . {




described here the matrices (29a) and (29b) are defined
directly from the boundary equations and equation (32) is
arrived at by numerical computation. There is some sacri-
fice in numerical efficiency in this approach but the formu-
lation of the problem is straightforward. |

Since in equation (44) the absolute value squared of the
assumed electric field is taken, this part of the series will
be in general a real and even function of ag . Preliminary
numerical investigations by Kuchler [Ref. 19] of the coeffi-
cients of these series indicated an even distribution with
respect to the variable ans also exists. Therefore, all terms
of the series (44) are even functions which allows the saving
of computation time by summing over only half the interval.

A desired solution for equation (44) can now be found by
assigning an arbitrary numerical value for the wavelength
ratio and then iteratively changing this until the series con-

verges to zero or more precisely a small enough value so

that a prescribed accuracy for the wavelength ratio is realized.

The next task is the determination of the time average
power flow. Here again complex arithmetic expressions are
involved as seen in Appendix B.

Dielectric substrates are commercially available for
various thicknesses D so that in general the line parameters
should be computed for each thickness and frequency. A more
generalized method of analysis is simply to scale the various

geometric quantities involved with respect to this thickness

1
A}
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to obtain more versatile parameters for a varying normalized
frequency D/). The resulting design curves may then be
applied to the structures scaled to different operating
frequencies.

B. COMPUTER PROGRAM DESCRIPTION FOR FIN-LINE CONFIGURED

TRANSMISSION LINE

A computer program which provides a numerical analysis of
fin-line is shown in Appendix C with the main program called
'FIN-LINE' and its accompanying subroutines 'CALC' and "CMTRIN,'
all written in the FORTRAN IV programming language.

The program 'FIN-LINE' starts by reading the input data
which includes the structure dimensions, the dielectric con-
stant, the initial values of the slot width and frequency
and the iteration steps. After the input data is read,
initialization of computation loops occur for varying slot
widths and normalized fregquencies. Next, the program determines
the type of structure that exists and whether or not the con-
figuration is operating in the dominant mode. Operation at
higher order empty waveguide modes are allowed but program
termination occurs at the onset of surface waves.

The program proceeds with preliminary computations used
in the determination of the dispersion characteristic. The
first major computation of the program that takes place is
the finding of the wavelength ratio A'/X which satisfies

equation (36). The necessary coefficients for determining

the series are provided by the subroutine 'CALC'. An initial




value of »'/) = 1//?; is selected where l/v?; is the lower
limit of »'/i, that is when ' = \d' this wavelength of the

dielectric material. The results from the initial computation
are used to select a new value for 3'/) through a bisectional
zero finding method to improve the results and the procedure
starts over again. The computation is terminated when the
correct value for )»'/) is determined which satisfies equation
{36) or when the absolute value of the difference between the
old and the new value for )'/) is less than 5-10-4 and thus
produces a three digit accuracy after the decimal point.

Using the determined value of the wavelength ratio, the
program continues with the computation of the characteristic
impedance. The cozfficients for this computation (equation 40)
are provided again by the subroutine 'CALC'.

After completion of the dispersion and impedance compu-
tations, the program prints these values and restarts with
new values for the normalized frequency and/or slot width.

Figure 4 presents a flow diagram for the main program
'FIN-LINE'. All the variable names have been chosen such
that the statements can be readily compared with the respec-
tive equations of the appropriate appendices.

The subroutine 'CALC' provides the coefficients and matrix
elements as well as an extensive amount of the computation
used in the determination of both the dispersion and impedance.
The entry variable is A/)A' for both characteristics. A flow

diagram for the function 'CALC' is shown in Figure 5.
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Flow Diagram for Main Program 'FIN-LINE'
(Continued)
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Figure 44. Flow Diagram for Main Program 'FIN-LINE'
{Continued)
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Figure 4f. Flow Diagram for Main Program 'FIN-LINE'
(Continued)
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Figure 5a. Flow Diagram of Subroutine 'CALC'
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Figure 5b. Flow Diagram of Subroutine 'CALC'
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Figure 5c. Flow Diagram of Subroutine 'CALC'
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Once the subroutine is entered from the main program,
variablesused throughout are computed. Following the initial
computations, a decision is made as to whether hyperbolic or
trigonometric functions are to be used in the formation of
the matrix elements shown in Appendix A. This decision, of
course, is made by determining whether Yf is less than or
greater than zero. If yi > 0, hyperbolic functions apply
and if yi < 0, trigonometric replace the hyperbolic functions.
After the decision making and the formation of the [ME] and
[MJ] matrices, the [ME] matrix is inverted and the matrix
elements of concern in the [(MJ] and [ME]-l matrices are multi-
plied together for the formation of element Gll of the dyadic
Green's functions.

The transform of the assumed slot electric field distribu-
tion is determined. At this point the decision, as to whether
the dispersion or the impedance is being determined, is made.
If the dispersion computation is in process, the subroutine
computes the terms of equation (36) and returns to the main
program for a new selection of 1'/X.

If the characteristic impedance computation is being per-
formed, the program continues with the determination of the
coefficient matrix elements A€ through Dh. Once again the
decision for the use of trigonometric or hyperbolic function

is made followed by additional variable computations needed

in determination of power.




The power flow in each region is determined for yi
greater or less than zero, depending on the conditions, and
totaled. This procedure is followed until the difference
between two consecutive values of the impedance is less than
0.1% at which time return to the main program occurs.

The subroutine 'CMTRIN' takes the complex [ME] matrix
and inverts it into the [ME]"l matrix destroying [ME] in the
process. The Gaussian Elimination Method with column pivoting
is used in determination of the inverse of the matrix. Since
this subroutine is small and performs only the one function,

it has not been flow charted but is listed in Appendix C.

C. PROGRAM LIMITATIONS

] ; Infinite summations such as those which appear in equa-
tions (36) and (41l), can not be performed on a digital com-
puter which deals only with finite numbers. Therefore infinity
must be replaced by a finite approximation. 1In the case of
equation (36), an analysis of GllEx(an)l2 versus n was con-
ducted with results shown in Figure 6. As shown in this figure,
when n reaches a value of about 10 the expression is down by

3 relative to its largest value close

at least a factor of 10~
to the origin. The value n = 20 is sufficiently large to
be considered infinite for all practical purposes. Therefore

equation (36) becomes

Gl(O) 20

G, |E|® = + G, (a_,8)|E_(a_) . (45)
nzo 1 2 nzl 1{anr8) [Eglay




, 2 : _
Figure 6. GllEx(an)I vs n with e = 2.2 and

D/X = 0.02 for Five Arbitrary Values
of A'/)
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After establishing this limit on the summation, computer
errors (overflows) occurred at various points in the summa-
tion. An investigation revealed that the problem originated
in the dyadic Green's function component when Yihj became
too large. Varying the size of hj produced overflows only
when h was increased beyond a certain point; a situation
where the walls around the central slotline-like structure
became far removed from the field. Limits were able to be
placed on Yihj such that if its value became greater than some
value X in this case X = 80, then Yihj was set egual to X
because of the limited interaction between the walls and the
field. When the field-wall interaction becomes a factor,
the overflow problem no longer exists. Limitations of this
kind are found in the computations of the wavelength as well
as the impedance.

The high valued arguments of the hyperbolic functions just
discussed cause additional problems when determiﬁing the
coefficients A® through Dh in the power flow computations.

In the inversion of the matrix [ME], these large values become
small ones and when squared produce underflows in the computer
system since the magnitude of the elements were less than

10-78. Limitations were placed only on the coefficients as,

h

D® and D" which caused the underflow problem. The coefficients

were limited to magnitudes of 5-10-38. This problem was

compounded by the fact that the coefficients are complex and

they may also take on either plus or minus signs.
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During the investigation of the overflow problem, it

was noted that when W/b = 1, Ex = 0 for n > 0 and so G, (0)

1
was the only important term in the computation. Therefore
whenever W/b = 1 only the n = 0 term is computed in both

the wavelength and impedance computations.

In the characteristic impedance equation (41), the
coefficients in this infinite series were found to decay
rapidly so that a finite approximation yields good results.
Figure 7 shows the characteristic impedance as a function of
N, the number of terms in the truncated series, for various
slot widths. Termination of the impedance computation occurs
when the difference between two consecutive values of Zg in
the iteration loop falls below 0.1% or when the upper limit
of N = 50 is reached. A minimum of seven iterations is set
for the larger values of W/b except for the situation when

W/b = 1. In this case, only the N = 0 term is non-zero.

D. INPUT/OUTPUT DATA

Proper input data formatting is essential for any success-
ful computer program. Input data, similar to that shown in
Tables I and II are required with the program 'FIN-LINE'. A
minimum of three data cards is necessary to make up the
input data deck. The first card specifies the dimensions of
the shielding and the permittivity of the dielectric material
(b/D, hl/D, hz/D and er). This information is entered in a

floating point format with the column requirements specified

in the program listing in Appendix C. Note that for a ridged
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Table I. Sample Input Data for a Ridged Waveguide
Structure with WR(19) Shield

18.8 18.8 17.8 2.2

3

0.02 0.0170 15 0.0 0. 0021
0.3 0.0170 15 0.0 0.04
1.0 0.01 15 0.0 0.01
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Table II. Sample Input Data for Fin-line Structure
with WR(19) shield




waveguide, the dielectric substrate thickness is zero. This
would result in infinite values for the first three values
of the input data (b/D, hl/D and hz/D). To eliminate this
problem select any thickness greater than zero, but let its
dielectric constant equal one.

The second card specifies the number of initial value
data cards that follow with nine being the maximum allowed.
Sample input of Table I indicates that two cards will follow
the second card and sample input of Table II shows three data
cards follow.

The third card needed for the input contains initial
values for the computations that follow. Six pieces of informa-
tion are supplied by this card. The first two pieces of
information contain the initial values of W/b and D/X. Next
a two digit number specifies the number of different values
of W/b (first digit) and D/)» (second digit) that will be com-
puted. On the last card of Table I, the number 24 indicates
that the wavelength and impedance will be determined for two
different values of W/b and for four different values of D/A
for each W/b. The last two values are the incremental values
of W/b and D/), respectively. The value of 0.5 will be used
to increment the initial value of W/b so that the second value
will be W/b = 1. The value 0.0021 will be used to increment
the initial value of D/)» so that the four values of D/\ are
0.0212, 0.0233, 0.0254 and 0.0275.

The data shown in Tables III and IV is the computer output

from execution of the program listed in Appendix C with the

input data of Table I and Table II, respectively.




SLOT-TRANSMISSION LINS ON A DISLSCTRIC SUBSTRATS
WiTH gHIELDEC WALLS ~
(FIN-LINE) }
DIMENSIONS: B/D=18.89 H1/0=18.80 H2/D=17.80 EPSR= 1.0
RIDGED WAVEGUIDE STRUCTURE EXISTS
FOR THE FOLLOWING VALUES OF w/B

W/B= 0.100 0/L= 0.0170 LP/L= 1.1559 0= 215.7 OHMS
W/B= 0.100 0/L= 0.0191 LP/L= 1.1176 0= 208.5 DOHMS
W/8= 0.100 C/L= 0.0212 LP/L= 1.0918 I0= 233.8 OHMS
W/8= C.100 C/L= 0.0233 LP/L= 1.0738 Z0= 200.5 OHMS
W/B= 0.100 D/L= 0.0254 LP/L= 1.0613 10= 198.1 OHMS
W/B= 0.500 C/L= 0.0212 LP/L= 1.1988 20= 382.6 OHMS
W/8= 0.500 O/L= 0.0233 LP/L= 1.1559 0= 369.1 0OHMS
W/B= 0.500 C/L= 0.0254 LP/L= 1.1252 L0= 359.6 OHMS

TE-20 EMPTY GUIDE NODE PROPAGATSS FOR
VALUES OF D/L GREATER THAN 0.027

W/3= 0.500 D/L= 9.0275 LP/L= 1.1051 40= 352.5 0OHMS

RECTANGULAR WAVEGUIDE STRUCTURE
EXISTS FOR wW/B= 1.0

W/B= 1.000 D/L= 0.0212 LP/L= 1.2840 10= 484.1 OHMS
W/B= 1,000 0/L= 0.0233 LP/L= 1.2176 10= 459,2 QOHMS _
W/8= 1.000 D/L= 0.0254 LP/L= 1.1738 I10= 442.4 OHMS

W/B= 1.000 D/L= 0.0275 LP/L= 1.1426 20= 430,6 OHMS {

Table III. Output Data Obtained Using Sample
Input Data from Table I
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SLOT-TRANSMISSI?N LINE ON A DIELECTRIC SUBSTRATE
wiTH SHIELDED WALLS

(FIN=LINE) g
DIMENSIONS: B/D=18.80 H1/D=18.89 H2/0=17.89 ZpSR= 2,2

w/8= 0.020 c/L= 0.0170 LP/L= 0.9183 Z0= 138.6 OHMS
w/8= 0.020 p/L= 0.0191 LP/L= 0.9035 Z0= 138.1 OHMS
w/B= 0.020 0/L= 0.0212 LP/L= 0.8933 0= 13842 OHMS
w/8= 0.020 0/L= 0.9233 LP/L= 0.8855 10= 138.9 OHMS
w/B= 0.020 0/L= 0.0254 LP/L= 0.8793 20= 139.8 OHMS
W/8= 0.500 g/L= 0.0170 LP/L= 1.2457 I0= 421.2 OHMS

TE-20 EMPTY GUIDE MCDE PROPAGATES_FOR
VALUES OF D/L GREATER THAN 0.027

W/B= 0.500 0/L= 0.0570 LP/L= 0.9465 0= 501.2 OHMS
W/B= 0.500 D/L= 0.0970 LP/L= 0.9043 Z0= 700 .0 CHMS
W/B8= 0,500 D/L= 0.1370 LP/L= 0.8683 0= T776.9 OHMS

AGATE FQOR VALUES QF C/L
ol RUN TERMINATED

AVES PAGA
ATER THAN 0.169;
oégLecrarg SLAB-LOANDED WAVEGUIDE
RUCTURE EXISTS FOR wW/B8= 1.0
CUTOFF FREQUENCY OF THS DOMINANT MODE
OF EMPTY GUIDE IS £/L= 0.0132

w/8= 1.000 C/L= 0.0100 LP/L= *xkkxk I0= *kkkxk

Ww/B= 1.000 o/L= 0.0200 LP/L= 1.2660 0= 508.3 OHMS
W/8= 1.000 p/L= 0.0300 LP/L= 1.0707 10= 464 .9 OHMS
W/8= 1.000 D/L= 0.0400 LP/L= 1.0191 10= 493.8 OHMS
Ww/B= 1.000 £/L= 0.0500 LP/L= 0.9957 10= 553.6 OHHS

Table IV. Output Data Obtained Using Sample
Sample Input Data from Table II




In addition to the tabulated results of the computations
-for the wavelength and impedance, message statements are also
printed under certain conditions. All the messages that can
be generated by the program are found in the output of Tables
III and 1IV.

Since various structures may take form by varying the
input parameters, description of the type of structure that
exists will be printed. For ridged waveguide, the permittivity,
€pr must be one and W/b < 1 whereas the structure becomes
empty rectangular wavegquide when W/b = 1 (shown in Table III).
With €. 1l and W/b < 1, a fin-line structurz is formed. Since
this analysis is of fin-line structure, no output statement
is printed. When W/b = 1 and €p > 1, a dielectric slab loaded
waveguide structure exists (Table IV).

The analysis of the fin-line structure presented here
concerns itself mainly with operation in the dominant TElO
limit mode. At the lower end of the dominant mode frequency
range when D/) < D/xc, the cutoff frequency of the empty wave-
guide, an output statement with this information is printed.
The cutoff wavelength of the empty waveguide, Ao is equal to
2a where a = h1+h2+D. Since the structure takes other forms
than just an empty waveguide, operation can exist below D/xc.
With the presence of a dielectric slab in the fin-line and
slab loaded waveguide operation exists below D/Ac. Therefore

analysis below the cutoff frequency of empty waveguide is

possible but a lower limit is set. When the value of \'/)
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exceeds 6, indicating the approach of cutoff, computations
terminate without printing values of 1'/: and Z, for the
values of D/x for which i'/)» > 6.

At the high end of the dominant mode freguency range when

X = a, the TE of the empty guide can propagate. Therefore

20
a statement is printed when D/} > D/a. For a value of
D/x > l/(4/€;), surface waves propagate on the metal-backed
dielectric slab and normal operation is no longer possible
so the run is terminated for that alue of D/).

The total program length including all subroutines is
48 K bytes of storage. The sample computer runs presented
here with outputs shown in Tables III and IV took 4 and 5

minutes, respectively which includes compilation time of

about 20 to 30 seconds.
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IV. NUMERICAL RESULTS AND COMPARISONS

To check the accuracy of the numerical results generated
by the computer program, comparisons were made with data
available in the literature for various fin-line sub-structures.
These structures vary from ridged waveguide at one end to

dielectric slab loaded waveguide at the other.

A. RIDGED WAVEGUIDE

As mentioned earlier, the fin-line structure shown in ]
Figure 1 becomes ridged waveguide with zero thickness ridges
when €. = 1 and W/b < 1 or when the dielectric substrate
thickness D is reduced to zero.

The design of ridged waveguide Qas first treated by Cohn

(Ref. 20] and later by Hopfer [Ref. 21} and Lagerlof ([Ref.

22]. The wavelength and impedance of the ridged waveguide

structure can be given by the following expressions

1

XA' = (46a)
A 2.1/2
(1 - (9
(o]
2o
2 = (46b)
o _ (A 2,172
S

The cutoff wavelength Ac was obtained from the curves pre-
sented in [Ref. 21] for several values of W/b. Using this

information and equation (46a), the wavelength ratio »'/) was




determined. These calculated values were then compared with
the results using the spectral domain method of the computer
program discussed in Section III. Figure 8 shows the two
results with agreement to within 0.5% where the discrete
points are from equation (46a).

A similar comparison of the impedance was performed using
equation (46b) where zo was obtained from curves found in
[Ref. 22] and the numerical results of the program 'FIN-LINE!
The results appear in Figure 9 where again very good agreement

exists with a difference of only 2%.

B. DIELECTRIC SLAB-LOADED WAVEGUIDE

A variation of the fin-line structure of Figure 1 where
W/b = 1 and ep 1 results in a dielectric slab loaded
rectangular waveguide. This structure has been studied in
considerable detail by Vartanian, et al., [Ref. 23]. 1In their
work, the dielectric slab was centered in the waveguide and
they presented an analytical expression for the (voltage)
impedance, va (using the notation of [(23]) at the center of
the slab. The impedance computed in this analysis was speci-
fied at the edge of the dielectric slab. Therefore a relation-
ship between the two impedances must be defined before any
comparison can be made. The impedance at the edge of the slab

can be easily defined by the expression

Eedge
- X 2
i = zpv(Ecntr) (47a)
x
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edge
x

cntr

where E is the field at the edge of the slab and Eg

is the field at the center of the slab. Thus,

2,gc
= (49
2 2 cos™ {; ) (47b)

where the variovs gquantities are defined in [22] as

¢ = @2n? &% e - annd
A

s = ¢/2

and C = D is the dielectric slab thickness. The characteristic
impedance of a slab loaded waveguide was computed using
equation (47b) (where va was obtained from Vartanian's
curves) and the spectral domain method. The results of the
computations are compared in Figure 10 where the discrete
points are calculated from equation (47b). It can be seen
that the results agree very closely. The difference is less
than 1%.

The wavelength of the slab loaded waveguide may be

determined analytically by the transverse resonance proce-

dure [Ref. 16] which is found by writing the field expressions

for an exact solution of the problem, applying boundary condi-
tions at the air-dielectric interfaces and thereby obtaining
the determinantal equation for the structure. The wavelength

ratio is found by determining the wvalue of A'/) which satisfies
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the determinantal eguation. Figure 11 shows the variation

of the wavelength ratio with dielectric thickness, D, for
several values of € obtained by the spectral domain method.

The edge of the slab was placed at the mid-point of the broad
wall of a WR(19) waveguide operating at 40 GHz. The dis-

crete points are those values determined by the transverse
resonance approach. Excellent agreement was obtained between
the results of the two methods. The greatest difference between

the different approaches was only 0.6%.

C. SLOTLINE

If W/D < 2 and € is sufficiently high for the fin-line
structure of Figure 1, the presence of the shield will have
little effect if the walls are sufficiently far removed from
the slot. In this case the structure will behave like a slot-
line. This behavior of fin-line is illustrated in Figure 12
where the wavelength and characteristic impedance is plotted
for €, = 20 and a slot width normalized to the dielectric
thickness, W/D = 1. The discrete points represent the wave-
length ([} ) and the impedance (@& ) of a slotline obtained
from [Ref. 24] for the same parameters €. and W/D as the fin-
line. Agreement between the fin-line and the slotline is
within 1% for the wavelength and 5% for the impedance. The
impedance curve for a ridged waveguide structure with the

same fin separation is plotted for reference.
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D. MEASUREMENTS

Very little experimental data is available in the
literature for any significant comparison. However,fin-line
wavelength measurements have been presented by Meier [Ref. 1].
The guide wavelength in the millimeter fin-line structure was
measured across the band of 26.5 - 40 GHz by a sliding short-
circuit technique. The fin-line used a D = 10 mil substrate
with ep = 2.2, A WR(28) shield (a = .280", b = .140") was
used along with a fin separation W/b = .128 (W = ,018").
The results of this experimental work are plotted in Figure
13. A computer run was made for a structure with the
parameters reported by Meier and the results were compared

with Meier's measured values. This comparison is illustrated

in Figure 13 where an agreement to within 1% can be seen.
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V. FIN-LINE DESIGN CURVES

A problem exists with the preparation of design curves
for structures like fin-line because of the number of inde-
pendently variable parameters which describe the structure.
This difficulty can be alleviated to some degree by practi-
cal considerations. First, fin-lines are constructed with
a shield that is compatible with the dimensions of standard
rectangular waveguide for the millimeter wavebands. Above
22 GHz, all the standard waveguide structures have aspect
ratios, b/a = 0.5. Furthermore, the fins are normally
printed on 5 mil thick Rogers Duroid 5880 dielectric substrates
with € = 2.2, Design curves have been provided, which
appear in Figures 14-17, for structures with parameters dis-
cussed above for the 26.5 -40 GHz, 40 - 60 GHz, 60 - 90 GHz
and the 90 - 140 GHz waveguide bands.

It can be seen from Figures 14-17 that even with fin
separations of a few mils, low values of impedance are diffi-
cult to achieve. In some applications lower impedances than
those obtained here which are on the order of 125 - 150 ohms,
are desirable. One method of accomplishing this objective
would be to increase the dielectric constant. This can be
seen by comparing Figure 12 for a W/D = 1 and Figure 15
for W/b = .053. For this W = 5 mil slot, it is found that
the impedance decreases from about 165 ohms to 90 ohms when

the dielectric constant is increased from €. = 2.2 to €, = 20.
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The disadvantage of this method is, of course, a reduction
in the wavelength by a factor of 2.5 causing the already
small circuit dimension to become even smaller.

Another possible way of achieving a lower value of impe-
dance may be in the relocation of the fins toward the side-
walls of the guide. Figure 18 illustrates the wavelength
and the characteristic impedance of a fin-line with the fins
shifted midway between the center and the sidewall of a WR(19)
waveguide. A comparison of Figures 18 and 15 indicates a
2-4% change in the wavelength of the guide for W/b = 1 and
less for smaller values of W/b.

The values of the characteristic impedance for small
values of W/b are relatively unchanged since the fin-line
structure behaves like slotline and the presence of the shield
has little affect. For values of W/b > O.S,Inoticeable
decreases in the impedance have taken place. The most signi-
ficant decrease occurs for W/b = 1 where the impedance
decreases from 500 ohms for the centered dielectric slab to
about 275 ohms for the off-centered configuration. In this
condition the structure is a slab loaded waveguide and since
the low dielectric constant results in little change in the
empty guide fields, the results are as expected based on the
voltage impedance definition for the empty rectangular wave-
guide. A point of interest is the impedance for W/b = 1

falling below that for W/b = 0.5. This indicates that for

the off-centered configuration, the impedance increases with

ol Glead b
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W/b until a maximum is reached and then decreases until

W/b = 1. Overall, the relocation of the fins toward one side
of the waveguide appears not to have achieved the lowering

of the impedance for small values of W/b as anticipated.
Therefore, of the two methods discussed, increaéing the
dielectric constant accomplishes the lowering of the char-
acteristic impedance desired; but as mentioned before, the

circuit dimension shrinkage is unavoidably linked to this

action.




VI. CONCLUSIONS

A spectral domain technique for analysis of the dominant
mode of fin-line has been presented. It has been shown that
this efficient numerical method can be implemented compu-
tationally to accurately calculate the dispersion character-
istic and characteristic impedance as a function of frequency.
A matrix formulation of the problem permitted the elements
of the dyadic Green's function to be computed and circumvented
the extensive algebraic manipulations associated with the
formulation of the resulting equations. MNumerical results
obtained by using this method have been presented and compared
with existing data for various structures. Excellent agree-
ment was obtained in all cases thus establishing accuracy of
the method and the versatility of the computer program.

Design curves for millimeter-wave fin-lines of practical
interest were also included here. Both the centered and
off-centered fin configurations were discussed and the off-
centered fin location was shown to result in no significant
impedance change for small values of W/b.

In this thesis, particular interest was devoted to the
analysis of fin-line. The method employed, however, is com-
pletely versatile since it is a general formulation of an
inhomogeneous transmission media problem. Therefore, it can

be clearly seen that by varying the parameters of the fin-line

structure, it may exhibit the characteristics of ridged




waveguide, dielectric slab loaded waveguide, slotline, and
conventional rectangular waveguide. All of these structures
are fin-line substructures and as such are included in the

approach presented.
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APPENDIX A

Derivation of Spectral Domain Matrices :
[Mg] and (M) \
The continuity conditions given in equations (9) through
(18) are transformed via (24) into the two dimensional
Fourier domain which yields

at v =D

2 e _ 2 e
kcl ¢1(an,D) = kc2 Qz(an,D)

e BQh e 3¢h
-JanFQI(an,D)-jwuay (an,D) = —Janr¢2(an,D)—jwuay (an,D)
2 e _

kcl ¢l(an'D) - Ez(un)

o an

-JanFOl(an,D)‘quay (e /D) = Ex(an) (A-1)
2 .h 2 h -

kc1°1(an’D) kc2¢2(an'D) - Jx(“n)

h 207 h
-janF¢l(an,D)+jwelay (an,D)+janF¢2(an,D)

30

-jm523§~(an,D) = Jz(an)




"+ PR \ W e Ty o

5 h ..h
. e . 2 s e AL 0
_]unf¢2(an,0) quay (an.O) = -Jlnr°3(“n’°)'3““§§‘(“n’ )
2 h _ 2 h _
kc2 Qz(an,O) = kc3 ®3(an,0) (A-2)
3¢€ 39S

. h . 2 o s h . 3
_JanF02(an,0)+jw523§—(an,0) = Janr¢3(un'0)+3w€35§_(an'o)

where ¢ = My = Wy = ug.

The solutions to the two Helmholtz equations given by
equations (26a)-(26f) are now substituted; the dependence
of the coefficients A€ through Dh ona is understood and

from here on is not shown explicitly.
(k2. sinhy.h,)A%- (k%.sinhy.D)BS- (k%.coshy.D)CS = 0 (A-3)
cl 1™ c2 Y2 c2 Y2

. . e ,. . e ,. . . h
-(Janr51nhylhl)A +(Janr51nhy2D)B +(]anFCOShY2D)Ce+(jmquSlnhY1hl)A

+ (Juny,coshy,D) B (Juuy,sinhy,D)c = 0 (a-4)
2 e 2 . e

(k2,)c®-(k2; sinhyh,)D® = 0 (A-5)

“(§a,T)C®% (ja_rsinhy;h,) D% (Juuy,)B" (A=6)

+ (jmuy3sinhy3h2)Dh =0

2 h 2 h
(kcz)C - (kc3coshy3h2)D = 0 (A-7)




4

(jwezyz)Be-(jw63v3coshy3h2)De-(junp)Ch

. . e ,. \ h
-(JanFSIHhYlhl)A +(quy151nhylhl)A
2 . e
(kc151nhylhl)A

2 h 2 _. h 2 h _
(kclcoshylhl)A 4kc251nhY20)B -(kczcoshyzD)C = Jx(an)

. h
+ (Janrcoshy3h2)D

(A-8)

(A-9)

(A-10)

(A-11)

. e ,. . . e
-(Jwelylcoshylhl)A -(jmezyzcoshyzD)Be-(]mezyzslnhyzD)C

(A-12)

. h,,. . h,, . h _
-(janrcoshylhl)A +(Janr51nhy2D)B +(3anrcoshy2D)C = Jz(an).

This set of linear equations (A-3) through (a-12)

be written in matrix form, such that

mi
M1

=

o o o 3

M3

M3

M3j3

M43

0

0
0
0

o Q W » O 0O W >
[ 1 o o

- = -

m M O O O O O

—

may

(A-13)

S . i




where the 8 x 8 matrix is [ME] of eguation (29a), obtained
by combining (A-3) through (A-10).

The combination of equations (A-3) through (A-8), (A-11)
and (A-12) form the matrix equation (29b) repeated below in

expanded form.

m, m, my O 0 0 0 0 I 0

Myp Map Mp3 0 Myg My Myy; O B® 0

0 0 my; My, O 0 0 0 c® 0

0 0 my3 My, O mye O Mg 0l = }Jo (A-14)
o o o 0o 0o 0 9m ml |a 0

0 m62 0 m64 0 0 m67 m68 Bh 0

0 0 0 0 mgs m;G mg7 0 Ch Jx

ngl mgz mgs 0 mgs mgs mg7 0 o™ 2]

The matrix elements of [ME] and [MJ] are normalized at
this point with respect to D, the dielectric substrate
thickness; but before describing them, the normalized con-

stants used in these elements are presented.

(1122 = (v;0 2 = (D) 2+ 2m210/21 2 - 11 (/1) 2

(v,02 = (@ D% + 2m?r0/an2- e 1(0/0)?

If (yiD)2 < 0 then the following is defined




wpyy 2
(Yl D)

" 2
(v, D)

Other normalized

2 _ _ 2
=(¥;D) = -(y;D)

2
‘(YZD)

constants are

2 _ 2 _ 2., ' 2 2
(kD)% = (k_3D) < = (2m) [1-(0/2") “1(D/2)

(kczn)2 (2n)2[er-(x/x')2](0/x)2

wuD = 240 v2 (D/X)

melD = we3D = 1/60(D/))

wezD ar/GO(D/A)

8D = 2wn(D/XA) (A/2")

n2w(D/b) ¢ even

(2n-1)7(D/b)  ¢P odd.

The normalized matrix elements are now presented in two
forms. The first of the element equations is for (yiD)2 > 0
and the second is for (yiD)2 < 0. For the matrices [ME]

and [MJ], the elements M through m o are the same.
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2.
(kch) 51nh[(le)(hl/D)] (D)™ >0
My =9
. 2 . " 2
| 3(keyD) “sinl(v;"D) (h;/D)] (D) <0
-(kx_.D)2sinhy.D (v.D)% > 0
c2 Y2 Y2 Z
m, =4
-j(k_.p)°%siny."D (v.0)2 < 0
c2 Y2 Y2
-(k D)2 coshy.D
c2 2
M3 =
2 "
-(kczD) cosY2 D

T1q4 = M5 T Mg = My = Mg =

(anD) (D) sinh| (YlD) (hl/D) ]

M1 =
j (a,D) (8D) sinl (v, "D) (h,/D) ]
[ ,
- (unD)(BD)51nhyzD
M2 =
-j(anD)(BD)sinYz"D
-(unD)(BD)coshyzn
M3 = |
| ‘(unD)(BD)COSYZ"D




25

26

28

31

33

34

u

~—

j(uuD)(le)sinh[(YlD)(hl/D)l
ﬁ(uvD)(Yl"D)sin[(vl"D)(hl/D)}
j(qu)(yzD)coshyzo

- (wuD) (y,"D)cosy,"D
j(qu)(YzD)sinhyzb

-j(qu)(Yz"D)sinyz"D

2
(kD)

2
(kD)

-(kc3D)zsinh[(Y3D)(hz/D)]

-j(kc3D)2sin[(Y3"D)(hz/D)

(Y3D)2 >0

—

(g0 % < 0

s




(anD) (3D)
(anD)(SD)
—(anD)(BD)sinh[(W3D)(hz/D)]

-j(anD)(BD)sin[(Y3"D)(h2/D)]

-3 (wuD) (y,D)

(qu)(YZ"D)

j(qu)(Y3D)sinh[(Y3D)(hz/D)]
-j(muD)(Y3"D)Sin((Y3"D)(hz/D)]

= m = 0

= Mgy = M 56

53 =m

54 55

2
(kczn)

2
(kc2D)
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58

el

]

-(kc3D)2cosh[(Y3D)(hz/D)]

- (k4 3D) 2cos [ (v;"D) (h,/D) ]

j (w€2D) (YZD)

‘(wezD) (YZ"D)

(unD)(BD)
(anD)(BD)
-(anD)(BD)cosh[(y3D)(hz/D)]

- (unD) (8D) cos [ (v3"D) (hz/D) ]
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3 (anD)(BD)sinh[(YlD)(hl/D)]

mE =
71
j (anD) (BD)sin[(Yl"D) (hl/D) ]
o E E 3

j(qu)(YlD)sinh[(YlD)(hl/D)]

£ _
My =
-3 (kD) (v, "D)sin((y;"D) (h,/D)]
E _ E _ E _
Mag = Mgqq = Mag = 0
- 2,
(kch) 81nh[(YID)(h1/D)]
mE =
81
3 (kD) ®sinl(y;"D) (h,/D) ]
E _ € _ E _ . E _ E _ _E _ _E _
Mgy = Mg3 = Mgy = Mgg = Mge = Mgy =Mgg = 0
J _.J _ 3 _.3 _
Mgy S Mgy S Moy =my, = 0
2
(kch) cosh[(vlb)(hl/D)]
J
myg =

(kqD) 2cos [(y,"D) (h)/D)]




[ - (k_,D) ®sinhv,D
mJ =
76 ﬁ
. -3 (kczD) ZSinYz"D
L -
[ -(k D)zcoshy D
c2 2
J o _
my; =
-(kc20)2c05y2"D
J o _
m78 = 0
'j(welD)(le)cosh[(YlD)(hl/D)]
mJ =
81
i (melD)(Yl"D)cos[(vl"D)(hl/D)l
-3 (wezD) (YZD) coshyzD
| J
m82 =
(wezD) (yz"D)cosyz"D
-3 (mezD) (yzD)sinhyzD
J o _
Mg3 =
j(mezb)(vz"D)sinYZ“D
J _
& m84 = 0
; (unD)(BD)cosh[(YlD)(hl/D)]
Mgs =
1 (a,D) (gD) cos[(y,"D) (h,/D)] f




(unD)(BD)cosh((YlD)(hl/D)l

J o _
Mgg =
(anD)(BD)cos[(Yl“D)(hl/D)]
-(anD)(BD)sinhYZD
J -
Mgy =
-3 (anD) (8D) sinyz"D
J =
m88 = 0

Once the matirx elements are determined for the existing
condition (Yi : 0), the [ME]-l is created for the purpose of

eliminating the unknown coefficients a® through Dh in (31).
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APPENDIX B
Time Average Power Flow in the Spectral
Domain of Fin-line

The following expressions for the time average power flow
in the three spatial regions are derived from equation (40).
The solutions to Helmholtz's equations given in (26a) through
(26f) are substituted in the transformed scalar potentials
of (41). 1In the following derivations the dependence of the
coefficients AS through Dh on the variable e is understood.
Also to be noted is that Yy T Y, since regions 1 and 3 are
assumed air filled.

Region 1
Case la: (YlD)2 > 0, Y1 real

e _ e _. _
@l = A~ sinh yl(D+hl y)
h _ _.h _
¢y = A" cosh yl(D+h1 Y)
e
s R cosh y, (D+h,-y)
3y Y1 Y1 17Y
20] n
v = -ylA sinh yl(D+h1-y)
The term P,_will be used for the power flow in region 1 for

la
the case (le)2 > 0. Substituting the Helmholtz equation

solutions for region 1, (40) becomes
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la

/

D

D+h

1

D+h1
{(-Bwelui[Aelz-Bwul

2

-Jklan

2

+[-Buwp uzlAhlz-Bme Y2|Ae|2+j3 ayY
1°n 1'1 n'l

Equation (B-1l) becomes

Pla

L
8b

Yi{A

h2

v, (%) *a] [sinh?y ) (D+hy-y) ]

+j82

Ae(Ah)*

unlee(Ah)*

-jkfanYlAh(Ae)*l[cosh2y1(0+h1-y)1}dy . (B~1)
Carrying out the integration
sinh?y_ (D+h,-y)dy = oi-[sinh(2y,h,)~2y.h,]
Y1 1 4 v 11174
cosh?y, (D+h,-y)dy = -—-[sinh(2y h,)+2y.h,]
Y1 1 4 Ty, Y1t/ Tev™
T 3“51“5 e 2 h2,..2 .e,h
Re z-m{[-__?i_-lA | -BwulyllA | “+38 unA (A7) *
) e ,ahyr. .
- Jklan(A ) *A ][51nh(2y1hl) 2y1h1]
Bwu az
l™'n,,h,2 e 2,..2 e,.h
+ [~ ——71——|A | “~Bue vy AT “+38 a AT (AT)*
2. aha€ . .
-jkja A" (A%) *] [sinh(2y h)) +2v,h) 1) . (B~2)
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Equation (B-2) is the final result for the power flow

in region 1 when (le)2 > 0. Putting (B-2) in normalized

forms produces the following result. ’

(8D) (welD) (a D)

=-41D 2
P;, = - glg) Re nz_m{[ ) 1-71 +(8D) (wu D)(ylu)l—g!
h e,* .h
. 2 A(A) (A7) A
=3 (8D) “(a D)= +J(k D) (a D) —]
n D2 p? n~" 52 DZ
h, hy  (8D)(ws;D)(a D)% ',
[sinh2 (v, D) (g5 - 2(n D) (5 1)1+ (Yl°’ |—7|
e e h,*
+(8D) (we,D) (v;D) |25)2-5 (8D % (o D) B L)
D D D
ab (a%) * h hl
+3(k;D) % (a D)-7 I1sinh2(v;D) (F)+42(v;D) (1} (B-3)

D

Case 1lb: (le)2 < 0, y1 is imaginary in which case
(v;"D) 2 = -(y,D)?

¢¢ = 3a® sin y,"(D+h, -y)

1 J Yl ly

h h

¢ = A cos yl"(D+hl—y)

20¢
—% = -j "a® cos " (D+h, -y) {
3y Y1 Y1 17Y
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I,

3@}{
I 1 sin v, (D+hl-y)

Substituting the values into eguation (41), integrating and

normalizing with respect to D results in

. 1D pe 5 PRlenD G D)2
= - z(:) Re W
1= "8p Re L v, D) Dz

+(BD)(wulD)(Y1"D)| l

2 a® ah* 2 (a%) " Al
-(8D) “(a_D) (kD) “(a_D) —~=1]
n 57 D 1 n D D

2 2

2
h h (8D) (wu,D) (a_D) h
127, "D) () ~8in2 (1) D) () 1+ =g 21

e e h. *
+(3D)(w€1D)(Yl“D)]éf\2+(BD)2(anD)§7 i%il_
D D

A h h

+ (kD) 2(a_p) 420 ) Sl20,"D) Ly+sin2(y;"D) (591} (B-4)

D

This is the final result for the power flow in region 1
when (Ylb)z < 0.

A shorter version of the derivation will be used for the
remaining cases wherein the regional cases will be described
and the final normalized result will be shown. This will be

similar to that done for case lb.
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Region 2

For region 2, the power flow expressions are the same as
for unshielded slowline except that the Fouri2r integral is
replaced by a summation and the interval 2r is replaced by
the interval b.

Case 2a: (yzD)2 > 0, is real

Y2

e e _., e
02 = B~ sinh Yo¥ + C~ cosh Yo¥
. h
¢g = Bh sinh Yo¥ + C cosh Yo¥
e
39
2 _ e e .
. 3y, " Y2[B cosh Yoy + C~ sinh yzy]
M}21 h h
Tl yz[B cosh Yoy + C" sinh yzy]

Substituting into equation (41) and integrating followed by

normalizing with respect to D produces the following.
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5 ©  (8D) (wezD) (a D)% e 2 (3D) (wu,D) (3, D)

1
P,. = - 3(3) Re ] (I +
2a 8'b ne—o (y,D) Df (v,D)

c® 2 ch 2
+(8D)(m€2D)(YZD)[—§l +(SD)(mu2D)(Y20)(57(
D

* h* e
(B') ¢ : 2
—5—+—--=)-3 (k,D) “ (a_D)
D2 D2 2 n

(BD)(wszD)(anD)z

| 2
(Y2D)

Ce
* [Sinh(zYzD)—ZYzD)]+[ _?
D

2
(8D) (wu,D) (a_D) h e
2 n c 2 B~ 2
(YZD) ITD [“+(8D) (oi)ezD) (YZD) I-D—fl

+

h h* e _e h
+ (BD)(muZD)(yzn)]57[2+j(so)2(ano)(i§7l S8 igfl-)
D p° p° D

2 B! (¢®)* (38" b
=3 kD) “ (e D) (B L1 o) Coyiginn(2y,0) 42y ,D)
D D D D

2 2
(a. D) “+(v.D) e e,* e * e
n 2 B~ (C7) (B”) C
+[(8V) (mezD) ( (YZD) ) (——Dz D2 + DZ _2]

2 2
{a, D) +(y,D) h h, *
+(8D) (wy,D) (—2 TYZD)Z )(§7 €. C,

h,* _e h, *
(B) .C (c) | _. 2
+57 Dz ) Jz(kzD) (anD)

e
+32(80) % (a D) 5
D

c®* P (8" b
. ( —yt—— —?][cosh(ZYzD)-l]} . (B-5)
p° p®* p? b

This is the final result for the power flow in region 2 when




Case 2b: (yzD)2 < 0, Yoy is imaginary in which case

" 2 - - 2
(y,"D) " = (YZD) i

e Y-S " e .

¢, = jB 51n(Y2 y) + C COs(yz'y) 1
h —-— > h : " h "

¢, = 3B sin(y,"y) + C cos (v, y) %
e

333 = j "5® cos "y - " ¢® sin "y

3Y T2 Y2 Y2 Y2

rrali jy,"B  cos YZ"Y - vy"C sinyz"y

The final result for region 2 when (YZD)2 < 0 after integration

and normalization follows.
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T® re [ w1 1M

b o ST PR RSP

2

® (8D) (wszD) (anD) 2, (3D) (. 2D) (x D) h

2 D) D2‘

2

v, D) 2 P

ch

+ (BD)(wezD)(Yz"D)| ) 2+(8D) (wu,D) (v,"D) | —7‘2

*
2 B
+(8D) “(a_D) (— - =
n='p2  p? D D

B * h _h e,*
2 ) C B (CT)
+(k20) (GnD) (—;2—— D7 N

)][2Y2"D-Sin(2Y2"D)]

2

(8D) (we D) (anD) 2 €22, (8D) (D) (o 2

c- ,9_1
(Y2"D) 2 Y "D) 2|

+{
D (v,

h
+(8D) (us D)(yz"o)l—ft +(8D) (uy D)<Y2"D)l—7‘2

8™ * ¢ 8¢ (M) 2 Bh (c®) ;
+(8D) (a D) (——-2*— —5- —f 5 )+ (kZD) (unD) (—2 - =)
D

D D D D D

(ann)z—(yz"o)z)
(YZ"D)

. [2Y2"D+sin(2Y2"D) ]1+3((8D) (weZD) (

2 2
e e e * e o DY =(y,"D)
B- (c)_(BY) C n 2
(== - <)+ (8D) (wu,D) { 0 )
2 DZ D2 D2 2 (Yz D)

* ho* e ,h * e  h *

(chH (8Y) 2 B® (8Y) c® (c")
(—f - —7)+2(8D) (a D)(—7 — -5 )
p? p? p2 D " p* bp p% p2

+2 (kD) 2 ( D)((Ce)* ch_(8%)" Bh)][1— (2v."D) 1} (B-6)
2 “n b2 p? p2 p2 o8t
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Region 3

Case 3a: (y3D)2 > 0, Y3 is real

o S+ G g 1o

e _ e . 1
¢3 D~ sinh y3(h2+y)
h h
¢3 = D cosh y3(h2+y)
e
ad
3 _ e
Fraiie y3D cosh y3(h2+y)
200 N
F = Y3D sinh y3(h2+y)

Substituting these expressions into (41), integrating and

normalizing yields

' D = (8D) (we,D) (@, D)% e, 5
Py, = -5 Re nZ-J‘ (v3D) i--fl +(8D) (wu 3D) (y4D) \-—;i
+3(8D)? (a D) -“3—;— %};—)—j-j(k3n)2(an0) ‘zz’* -g-f,_i]
-[sinhZ(Y3D)(2%)-2(Y3D)(g%)]+[(80)(T:;§:(unD)z E;!Z
+(8D) (we 4D) (y,D) |§|2+j<en)2<ano)§ —‘l;;l: |
o h h

e
~3 (kD) % (a D)%— 271 [sinh2 (v;D) () +2(y30) (D 1)

(B-7)

— . ——— A~ — i -

:
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This is the final result for region 3 power flow for
(Y3D)2 > 0.

Case 3b: (y3D)2 < 0, ) is imaginary in which case

"y 2 - 2
(Y3 D)” = (Y3D)
e _ ..e . "
¢3 = 3D sin \E (h2+y)
h _ h "
¢3 = D cos A (h2+y)
20S
s=2 = 3v,"D% cos v," (h +y)
3y 3 3 2
h
3 - - 1] h : "
35— = Y D" sin Y3 (h2+y)
Substituting into equation (41), integrating from y = ~-h

2
to y = 0 and normalizing the result with respect to D produces

the following.

Py, =- §(D) Re nzw{[wn)((we ')J) (2D —§|2+(sm (w1 3D) (v5"D) |§§|2
+(8D) 2 (a 0)9; ‘—Dz—’—+(k3o)2(ano) (Ee’ %;1
- [2(y;"D) (h—) -sin2(y,"D) (h )]+[(BD) (‘:E:;)(Q“D)zl%zlz
+(8D) (we4D) (v,"D) |25 |2-(BD)2(anD)—§; —(g;—):
- (kD) 3(a_D) ‘g;)* ’-;-;1 [2(y,"D) (ED3+sinz(y3"o) (-1:33)1} (B-8)




This is the final normalized expression for the power flow
in region 3 under the (y3D)2 < 0 condition. 1It may be
noted that a minus sign appears in front of all the equations,

this is because a wave traveling in the -z direction was

assumed.
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